ABSTRACT A Roman dominating function (RDF) on a graph G is a function f : V (G) → {0, 1, 2} for which every vertex assigned 0 is adjacent to a vertex assigned 2. The weight of an RDF is the value ω(f ) = u∈V (G) f (u). The minimum weight of an RDF on a graph G is called the Roman domination number of G. An RDF f is called an independent Roman dominating function (IRDF) if the set {v ∈ V | f (v) ≥ 1} is an independent set. The minimum weight of an IRDF on a graph G is called the independent Roman domination number of G and is denoted by i R (G). A graph G is independent Roman domination stable if the independent Roman domination number of G does not change under removal of any vertex. A graph G is said to be independent Roman domination vertex critical or i R -vertex critical, if for any vertex v in G, i R (G−v) < i R (G). In this paper, we characterize independent Roman domination stable trees and we establish upper bounds on the order of independent Roman stable graphs. Also, we investigate the properties of i Rvertex critical graphs. In particular, we present some families of i R -vertex critical graphs and we characterize i R -vertex critical block graphs.
I. INTRODUCTION
In this paper, we consider finite graphs containing neither loops nor multiple edges. For graph theory terminology we follow [15] . Let G be a graph with vertex set V (G) and edge set E(G). The order |V (G)| of G is denoted by n = n(G). (u, v) , is the length of a shortest path between u and v. The diameter diam(G) of a graph G is the greatest distance between two vertices of G. A leaf is a vertex with degree one, a support vertex is a vertex containing a leaf neighbor, and a strong support vertex is a support vertex containing at least two leaf neighbors.
For a vertex v in a (rooted) tree T , let C(v) and D(v) denote the set of children and descendants of v, respectively and let D[v] = D(v)∪{v}. Also, the depth of v, depth(v), is the largest distance from v to a vertex in D(v).
The maximal subtree at v is the subtree of T induced by D [v] , and is denoted by T v . A graph is trivial if it has a single vertex. We write P n for the path on n vertices and C n for the cycle on n vertices.
For a graph G, let I (G) = {v|v ∈ V (G), d(v) = 1} and L(v) = N (v) ∩ I (G). For a set S ⊆ V (G) and a vertex v ∈ S,
the private neighborhood of v with respect to S is the set pn(v, S) = {u|u ∈ N (v), N (u) ∩ S = {v}}. A block graph is a graph in which every biconnected component is a clique, which is a subset of vertices of a graph such that every two distinct vertices are adjacent.
A set S ⊆ V in a graph G is a dominating set if every vertex of G is either in S or has a neighbor in S. The domination number γ (G) is defined to be the minimum cardinality of a dominating set in G. An efficient dominating set (EDS) in a graph G is a set S ⊆ V (G) such that ∪ s∈S N [s] is a partition of V (G). For a comprehensive treatment of domination in graphs, see the monographs by Haynes et al. [13] , [14] . A dominating set S is independent if any pair of vertices in S is not adjacent. The minimum cardinality of an independent dominating set on a graph G is called the independent domination number i(G) of G. Independent dominating sets have been studied extensively in the literature; see for example the books [13] , [14] . This graph-theoretical invariant has been explored extensively in the literature; for an illuminating survey the reader is referred to Goddard and Henning [11] .
A Roman dominating function (RDF) on a graph G is a function f : V (G) → {0, 1, 2} for which every vertex assigned 0 is adjacent to a vertex assigned 2. The weight of an RDF is the value ω(f ) = u∈V (G) f (u). The minimum weight of an RDF on a graph G is called the Roman domination number of G. For an RDF f , let V i = {v ∈ V | f (v) = i} for i = 0, 1, 2. Since these three sets determine f , we can equivalently write f = (V 0 , V 1 , V 2 ). We observe that ω(f ) = |V 1 | + 2|V 2 |. The concept of Roman dominating function was first defined by Cockayne et al. [7] and was motivated by the works [17] , [19] . Roman domination in graphs is now very well studied (see [3] , [4] , [10] , [21] , [22] , [24] ).
An RDF f = (V 0 , V 1 , V 2 ) is called an independent Roman dominating function (IRDF) if the set V 1 ∪ V 2 is independent. The minimum weight of an IRDF on a graph G is called the independent Roman domination number of G and is denoted
The concept IRDF was first defined by Cockayne et al, in [7] and has been studied by several authors [5] , [6] , [9] , [20] . A graph G is independent Roman domination stable if the independent Roman domination number of G does not change under removal of any vertex. A graph G is said to be independent Roman domination vertex critical,
In this paper, we initiate the study of independent Roman stable graphs and independent Roman domination vertex critical graphs. We first characterize independent Roman domination stable trees and we establish upper bounds on the order of independent Roman stable graphs. Then we investigate the basic properties of i R -vertex critical graphs and characterize i R -vertex critical block graphs.
Proposition 1 (see [8] ): 1) ( [13] ) If G has an EDS, then the cardinality of any EDS equals the domination number γ (G).
2) ( [11]) If G has an EDS, then i(G) = γ (G). Proposition 2 [1]: For any graph G with
Proposition 3 [2] , [23] : For any graph G of order n,
To dominate the (i(G) − 1)( (G) + 1) vertices of G − u, each element of S u must dominate exactly (G) + 1 vertices and so has degree (G). Thus no two vertices in S u share a common neighbor. Assume that x is an arbitrary vertex and let y ∈ S x . We show that x ∈ S y . Suppose that x / ∈ S y . Since G is an i-vertex critical graph, we have S y ∩ N G [y] = ∅. Each vertex in S x −{y} dominates a unique vertex of S y . So the remaining vertex in S y , which is not x, must be dominated by S x and so must be dominated by y, which is a contradiction with S y ∩ N G [y] = ∅. Hence x ∈ S y and so G is regular.
Proposition 5 [7] : For n ≥ 2, γ R (P 2 × P n ) = n + 1.
II. INDEPENDENT ROMAN DOMINATION STABLE GRAPHS A. PRELIMINARY RESULTS
We start with a simple observation. Observation 6: If G is a disconnected graph and
Let G be a graph and x ∈ V (G). If G is the graph obtained from G by adding a path abc and possibly joining x to c, then
Proof: If x is not joined to c, then clearly i R (G ) = i R (G)+2. Assume x is joined to c. Clearly, any i R (G)-function f can be extended to an IRDF of G by assigning 2 to b and 0 to a, c, and
Let H k (k ≥ 1) be the tree constructed from the star K 1,k centered at s by adding two pendant edges at each vertex of the star but its center (see Figure 1 ). 
The proof of the next results is similar to the proof of Proposition 8 and therefore it is omitted.
Proposition 9: Let G be a graph and x ∈ V (G). If G is the graph obtained from G by adding a star K 1,3 and (possibly) joining x to a leaf of star, then
Proposition 10: Let G be a graph and x ∈ W 1 (G). If G is the graph constructed from G by inserting a pendant edge xv,
Proof: Since x ∈ W 1 (G), any i R (G)-function can be extended to an IRDF of G by assigning 1 to v and so
Now we investigate basic properties of independent Roman domination stable graph.
Proposition 11: Let G be an independent Roman domination stable graph and x ∈ W 1 (G). If G is the graph obtained from G by adding a path uv and joining
Proof: Clearly, any i R (G)-function can be extended to an IRDF of G by assigning 0 to v and 2 to u yielding
Proposition 12: Let G be an independent Roman domination stable graph and
Proof:
Proposition 13: If G is an independent Roman domination stable graph, then i R (G) = 2i(G).
Proof: Let G be an independent Roman domination stable graph. Suppose S is an i(G)-set and define function f :
The converse of Proposition 13 is not valid, for example we have i R (P 3k+2 ) = 2i(P 3k+2 ), but P 3k+2 is not an independent Roman domination stable graph for each k ≥ 1.
Proposition 14: Let G be an independent Roman domination stable graph. Then,
Proof: (i) Suppose, to the contrary, that there is an function g :
(ii) Suppose, to the contrary, there exists a support vertex
is an IRDF of G of weight less than i R (G), which is a contradiction.
(iii) This is an immediate consequence of (i).
B. INDEPENDENT ROMAN DOMINATION STABLE TREES
In this subsection, we give a constructive characterization of all independent Roman domination stable trees. To present our characterization, we will define a sequence of trees. Let T be the family of trees T which can be constructed from trees T 1 , T 2 , . . ., T k (k ≥ 1), where T 1 ∼ = P 3 is and T = T k . If k ≥ 2, T i+1 can be constructed from T i by applying one of the following three operations.
and joins x to s to obtain T i+1 (see Figure 2 ( 
centered at c and joins x to a leaf of star to obtain T i+1 (see Figure 2 (c) ).
Lemma 1:
If T i is an independent Roman domination stable tree and T i+1 is a tree constructed from T i by Operation O 1 , then T i+1 is an independent Roman domination stable tree.
Proof: By Proposition 7, we have
is an independent Roman domination stable graph and we deduce from Proposition 7 and Observation 6, that 
Lemma 2: If T i is an independent Roman domination stable tree and T i+1 is a tree constructed from T i by Operation O 2 , then T i+1 is an independent Roman domination stable tree.
Proof: is the tree obtained from T i by adding H k−1 and joining its center to x. By Proposition 8 we obtain
Using an argument similar to that described in Proposition 8 we can
and the proof is complete.
Lemma 3: If T i is an independent Roman domination stable tree and T i+1 is a tree constructed from T i by Operation O 3 , then T i+1 is an independent Roman domination stable tree.
Proof: By Proposition 8, we have i R (T i+1 ) = i R (T i ) + 2. We show that T i+1 is an independent Roman domination stable tree. Let v ∈ V (T i+1 ) be an arbitrary vertex. If v ∈ V (T i ) ∪ {d}, then as in the proof of Lemma 2, we have 
). Let T be the tree obtained from T i by adding a pendant edge xd. Then T i+1 − v is the union of T and 2K 1 and by Observation 6 we have
is an independent Roman domination stable tree. Hence i R (T ) ≥ i R (T i ) and the proof is complete.
Theorem 15: If T ∈ T , then T is an independent Roman domination stable tree.
Proof: If T is P 3 , then obviously T is an independent Roman domination stable tree. Suppose now that T ∈ T . Then there exist a sequence of trees T 1 , T 2 , . . . , T k (k ≥
Then we have T is an independent Roman domination stable tree by the induction hypothesis. Since T = T k is constructed by one of the Operations O 1 or O 2 or O 3 from T , we conclude from Lemmas 1, 2 and 3 that T is an independent Roman domination stable tree.
Next we characterize all independent Roman domination stable trees.
Theorem 16: Let T be a tree of order n ≥ 3. Then T is an independent Roman domination stable tree if and only if T ∈ T .
Proof: According to Theorem 15, we need only to prove necessity. Let T be an independent Roman domination stable tree of order n ≥ 3. The proof is by induction on n. If n = 3, then T = P 3 ∈ T . Let n ≥ 4 and let the statement hold for all independent Roman domination stable trees of order less than n. Assume that T is an independent Roman domination stable tree of order n. We deduce from Proposition 14 (parts (ii) and ( 
is as large as possible. Root T at v k . Assume that f is an i R (T )-function. By Proposition 14, any support vertex adjacent to v 3 has degree at most three and f (v 2 ) = 2 and f (v 3 ) = 0. In particular, d T (v 2 ) ≤ 3. We consider the following cases.
By the choice of the diametrical path and Proposition 14, any children of v 3 is a support vertex of degree two. We show that d T (v 3 ) = 2. Suppose, to the contrary, that d T (v 3 ) ≥ 3 and let v 3 uw be a path in T such that u ∈ {v 2 , v 4 }. By Proposition 14, we must have f (u) = 2 and f (w) = 0. Then the function g : V (T − v 1 ) → {0, 1, 2} defined by g(v 2 ) = 1 and g(x) = f (x) otherwise, is an IRDF of T − v 1 of weight less than i R (T ) which is a contradiction.
We conclude from Proposition 7 that i R (T ) = i R (T ) − 2. Since T is an independent Roman domination stable tree, we deduce that for any vertex v ∈ V (T ), 
and this implies that i R (T − v) = i R (T ). Hence T is an
∈ T . If d T (v 3 ) ≥ 3, then T v 3 ∼ = H d T (v 3 )−1 and T can be obtained from T by Operation O 2 yielding T ∈ T . Assume that d T (v 3 ) = 2. Then T v 3 = K 1,3 . We show that v 4 ∈ W 2
(T ). Since T is an independent Roman domination stable tree, we have i R (T −v 2 ) = i R (T ). Let
is an IRDF of T of weight less than i R (T ), a contradiction again. Thus v 4 ∈ W 2 (T ). Since T can be obtained from T by Operation O 3 , we deduce that T ∈ T and the proof is complete.
C. BOUNDS
In this subsection, we provide sharp bounds on independent Roman domination stable graphs.
Proposition 17: Let G be a connected independent Roman domination stable graph of order n. Then 
If i R (G) = as desired.
For independent Roman domination stable claw-free graph, we improve considerably the bound of Proposition 17. We start with a lemma. 
∈ E(G) and w 1 w 2 / ∈ E(G). Assume without loss of generality that uw 1 , uv 1 
otherwise. Clearly, h is an IRDF of G of weight less than i R (G) which is a contradiction. Thus G has an i R (G)-function f satisfying (i) or (ii).
Theorem 18: Let G be an independent Roman domination stable claw-free graph of order n with δ(G) ≥ 3.
7 . This bound is sharp for K 4 .
Proof: By Lemma 4, G has an
Since G is claw-free and A is independent, we deduce that |N (v) ∩ V 2 | ≤ 2 for each v ∈ D. By counting the edges between A and D, we obtain |D| ≥ |A| 2 . First, let |pn(v, V 2 )| ≥ 3 for some v ∈ V 2 . Then 
as desired. This completes the proof. Theorem 19: Let G be an independent Roman domination stable graph of order n with δ(G) ≥ 3. Then
).
This bound is sharp. . Hence,
and this completes the proof. Corollary 1: If G is an independent Roman domination stable r-regular graph of order n with r ≥ 3, then
III. INDEPENDENT ROMAN DOMINATION VERTEX CRITICAL GRAPHS
In this section we investigate properties of independent Roman domination vertex critical graphs We begin this section with the following proposition.
(ii) Suppose, to the contrary, that |pn(v, V 2 )| ≤ 2. First let
Henceforth, we assume that
A. CHARACTERIZATION RESULTS
Observation 21: Let G be an i R -vertex critical graph and
We next show that removing a vertex in an i R -vertex critical graph G decreases the independent Roman domination number exactly by one.
Proposition 22:
Proof: Let G be an i R -vertex critical graph, and let v ∈ V (G). By the definition, we have i
In the following we give a characterization of i R -vertex critical graphs.
Theorem 23: A graph G is i R -vertex critical if and only if for any
such that one of the following holds: 
Conversely, suppose that G is an i R -vertex critical graph and let v ∈ V (G). By Proposition 22,
, we deduce that g is an i R (G)-function satisfying (ii), and the result follows.
Theorem 24: A graph G of order n ≥ 4 is 3-i R -vertex critical if and only if n is even, and G is an (n − 2)-regular graph. VOLUME 6, 2018 Proof: Let G be an (n − 2)-regular graph of even order n ≥ 4. Obviously, i R (G) = 3. Suppose that v ∈ V (G) is an arbitrary vertex. Then there is a vertex u such that v / ∈ N (u).
Conversely, let G be a 3-i R -vertex critical graph of order n ≥ 4. Suppose that a ∈ V (G) is an arbitrary vertex. By Theorem 23, there is an i R -function f = (V 0 , V 1 , V 2 ) such that a ∈ V 1 or a ∈ V 2 and |pn(a, V 2 )| = 1. Since G is a 3-i R -vertex critical graph of order n ≥ 4, we conclude a ∈ V 1 . From n ≥ 4, there exists a vertex w such that f (w) = 2. This implies that deg(w) = n − 2. By Observation 21, g(a) = 2 for any i R -function g on G − w. It follows that deg(a) = n − 2. Since b is chosen arbitrary, we deduce that G is (n−2)-regular, and so n is even.
Theorem 25: A graph G of order n ≥ 5 is 4-i R -vertex critical if and only if for any vertex a there is a vertex b of degree n − 3 which is not adjacent to a.
Proof: Let G be a graph such that for any vertex v there is a vertex u of degree n−3 which is not adjacent to v. Suppose that a ∈ V (G) and b is a vertex of degree n − 3 not adjacent to a. Then the function g :
is an IRDF of G. We conclude from Theorem 23 that G is 4-i R -vertex critical.
Conversely, let G be a 4-i R -vertex critical graph of order n ≥ 5, and let v ∈ V (G). By Proposition 22, we have i R (G − v) = 3. Since n(G − v) = n − 1 ≥ 4, there is a vertex u of degree n − 3 in G − v which is adjacent to all of the vertices of G − v except one. In addition, u and v are not adjacent in G because i R (G) = 4. This completes the proof.
Next we find the maximum number of vertices of an independent Roman domination vertex critical graph with given independent Roman domination number.
Theorem 26: Let G be a connected i R -vertex critical graph of order n ≥ 3. If i R (G) is odd, then
and if i R (G) is even, then
If equality holds in (2), then G is regular and if equality holds in (3), then there exists an i R -function f = (V 0 , V 1 , V 2 ) such that |V 1 | = 2. Proof: Let G be an i R -vertex critical connected graph of order n ≥ 2, and let v ∈ V (G). By Theorem 23, there is an i R -function f = (V 0 , V 1 , V 2 ) such that v ∈ V 1 or v ∈ V 2 and |pn(v, V 2 )| = 1. We consider the following cases. 
